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NONAUTONOMOUS ORNSTEIN-UHLENBECK EQUATIONS 



MATTHIAS GEISSERT, ALESSANDRA LUNARDI 

Abstract. In this paper we investigate a class of nonautonomous linear parabolic 
problems with time-depending Ornstein-Uhlenbeck operators. We study the asymptotic 
behavior of the associated evolution operator and evolution semigroup in the periodic 
and non-periodic situation. Moreover, we show that the associated evolution operator 
is hypercontractive. 



1. Introduction 

In this paper we continue the investigations of [D PL061 IGL07] on a class of nonau- 
tonomous linear parabolic problems with time-depending Ornstein-Uhlenbeck operators. 
We study asymptotic behavior and hyper contr activity in Cauchy problems, 



1.1) 



u s (s, x) + C(s)u(s, x) = 0, s < t, x G R n , 

u(t) = tp(x), x G R n , 
as well as equations with time in the whole R and no initial or final data, 

(1.2) \u(s,x) - {u s {s,x) + £{s)u(s,x)) = h(s,x), s£l, 
Here (£(i))i<=R is a family of Ornstein-Uhlenbeck operators, 

(1.3) C{t)ip(x) = ^Tr (B(t)B*(t)D 2 x <p(x)) + (A(t)x + f(t),B x ip(x)), x G R n , 

with continuous and bounded data A, B : R — > CiW 1 ) and / : R — > R™. Throughout the 
paper we assume that the operators C are uniformly elliptic, i.e. there exists > such 
that 

(1.4) \\B{t)x\\ >A»o|MI, t G R, x G R n . 

The backward Cauchy problem (jl.ip is the Kolmogorov equation of the nonautonomous 
stochastic ODE 



;i.5) 



f dX t = (A(t)X t + f(t))dt + B{t)dW(t), 
X x = x, 
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where W(t) is a standard re-dimensional Brownian motion and s G R, x G K n . Indeed, 
denoting by X(s,t,x) the solution to (|1.5p . for each i € R and <p G C^(R n ) the function 
u(*,a?) :=E(v(X(s,t,x))) satisfies See e.g. [GS721 IKS9T] . 

Under our ellipticity assumption, u is in fact a classical solution to (II. ip just for 
93 € Cf,(R rt ). The transition evolution operator P Sjt cp(x) := K[ip(X(t,s,x))] may be 
explicitly written as 

(1.6) P*M X )= f(yWm(t,s),Q(t,s)(dy), if G C b (R n ), s < t. 

Here J\f m (t,s),Q(t,s) is the Gaussian measure with mean m(t, s) and covariance Q(t, s) given 
respectively by 

(1.7) m(i,s) :=U(t,s)x+ I U(t,r)f(r)dr, Q(t,s) := I U{t,r)B(r)B*{r)U*{t,r)dr, 

J s J s 

and U is the evolution operator for A(-), i.e. for each x G R n the function t 1— > U(t,s)x 
is the solution to = A(t)^(t), £(s) = x. 

In the autonomous elliptic case B(t) = B, A(t) = A, /(t) = 0, with deti? 7^ 0, we 
have P St t = T(t — s) where T(t) is the Ornstein-Uhlenbeck semigroup. T(t) is a Markov 
semigroup in Cb(R n ). Its asymptotic behavior is well understood in the case that all the 
eigenvalues of A have negative real part, so that \\e tA \\ decays exponentially as t — > 00. 
In this case, for each x G R n T(t)tp(x) converges to a constant which is the mean value of 
tp with respect to the unique invariant measure \x = A/^q^ of T(t), i.e. the unique Borel 
probability measure in R n such that 

/ T(t)<pdn= <pdn, t > 0, if G C b {R n ). 

For each p G [1, +00), T(t) is extended in a standard way to a contraction semigroup (still 
denoted by T(t)) in L p (R n ,/i). If 93 G L p (R ra ,/x), then T(t)<p converges exponentially to 
the mean value of <p in L p (R n , fi), and the rate of convergence coincides with the rate of 
decay of 1 1 e* ^ 1 1 to zero. Moreover, T(t) is hypercontractive, i.e. for p > 1 and t > it 
maps L p (R n ,/i) into L«W(R n , /x) for a suitable q(t) > p, and with norm < 1. 

In our nonautonomous case the assumption that \\e tA \\ decays exponentially as t — > 00 
is replaced by the assumption that \\U(t, s)\\ decays exponentially as t — s — ► 00. More 
precisely we assume that 

u (U) := inf{ u> G R : 3M = M(w) such that 

(1.8) 

\\U(t,s)\\ < Me^- S \ -00 < s < t < 00} < 0. 

Then there is not a unique invariant measure, but there exist families of Borel probability 
measures {yt : t G R}, called entrance laws at time —00 in |Dyn89| and evolution systems 
of measures in [DPR05] , such that 

(1.9) / P„, t <p du s = f v dv t , V G C b (R n ), s < t. 

Such families are infinitely many, and they were characterized in [GL07| . Among all of 
them, a distinguished one has a prominent role in the asymptotic behavior of P s j- It is 
the family of measures vt defined by 

(1-10) V t = Afg(t-00),Q(t,-00), t G R, 
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and it is the unique one with uniformly bounded moments of some order, i.e. there exists 
a > such that 

(1.11) sup / \x\ a v t (dx) < +oo. 

teK J 

i™ 

In fact, it satisfies (ll.llj) for each a > 0. This implies that for each ip £ Cf,(R ra ) and for 
each t £ R, x £ R n we have 



lim P S)t Lp{x) = I (p(y)dvf 
i->-oo _y R „ 



As in the autonomous case, we have a much better behavior if we work in L p spaces 
with respect to the measures vp But in this context, the evolution operator P s ^ maps 
L p (R ra ,ft) into L p (IR n ,^ s ), hence it cannot be seen as an evolution operator in a fixed 
Banach space X. Still, we have the contraction estimate 

\\Ps,t\\c{LP(R n ,v t ),LP(R n ,v a )) < 1) S < t, 

as well as smoothing estimates, proved in |GL07] . that are optimal both for t — s close 
to and for t — s — > oo, and that are quite similar to the corresponding estimates in the 
autonomous case: 

ni9 x map || </ C(t- s )-H/VH('-»), < t - s < 1, 

(1.12J ||U x r Sl t||£(IP(R», l / t ),Li'(I«, 1 / s )) S| ^gwlaKt-s) ^_ s>1 

Here a is any multi-index, a; is any number in (ujq(U),0) and C = C(a,u>). 

Such estimates are the starting point for our study of asymptotic behavior in the L 2 
setting. As in the theory of ordinary differential equations, we get very precise asymptotic 
behavior results if the data are time periodic. In this case the asymptotic behavior of 
the evolution operator P s> t is driven by the spectral properties of -Po,T> where T is the 
period. Note that Po,T is a bounded operator in L 2 (K™, v$) since = vt- By estimates 
(|1.12p . Po,T is bounded from L 2 (M. n ,uo) to H (W 1 , uq), which is compactly embedded 
in L 2 (M n ,fo) since uq is a Gaussian measure with nondegenerate covariance matrix. 
Therefore, its spectrum consists of 0, plus (at most) a sequence of eigenvalues. We show 
that the unique eigenvalue of Po,T in the unit circle is 1, that it has eigenvalues with 
modulus equal to exp(u;o (U)T), and that the modulus of the other eigenvalues does not 
exceed exp(o>o(J7)T) . 

For any t G R and ip £ L 2 (R n , v t ) let 



M t ip := (p du t 

be the mean value of ip with respect to Vf We know from [DPL06J that the L 2 (R n , u s )- 
norm of P s j(<p—Mtp) converges exponentially to as t—s — > oo. Using the above spectral 
properties, we determine the exact convergence rate, proving that for each to £ (ljq(U), 0) 
there is M > such that 

(1.13) \\P s>t (ip-M t p)\\ L 2 {R ^ Us) < Me^^M^n^, s<t, pe L 2 (R n ,v t ), 

and that for each u < u)q{U) there is no M such that (|1.13p holds. Moreover, (|1.13p holds 
also for u> = u>o(U) iff all the eigenvalues of U(T,0) with modulus equal to exp(Tu;o(^)) 
are semisimple. 
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Still in the case of T-periodic coefficients, a natural setting for problem (II. 2h is the space 
L^(M 1+n , v) consisting of the Lebesgue measurable functions h such that h(s + T,x) = 
h(s, x) a.e. and the norm 

1/2 







\h(s, x)\ 2 dv s ds 



is finite. In the paper [GL07| we showed that if A is any complex number, h G L^(M 1+ra , v), 
and u G L^(R 1+n ,u) n H^ 2 (R 1+n ,dt x dx) is a time periodic solution of (TO]) , then u 
belongs to H^ 2 (R 1+n , v) i.e. Ut and all the space derivatives u XiXj belong to L^(lR 1+n , v). 



The operator 



G # :D(G # ) = H 1 /(R 1 + n ,v)^Ll 



G#u(s, x) = u s (s, x) + C(s)u(s, x) 

may be seen as the infinitesimal generator of the evolution semigroup u in L^(M 1+n , v) 
defined by 

(1.14) (V*u)(s,x) = (P SjS+T n(s + r, •)) (x), sGK, iGK", t > 0, u e L 2 # (R 1+n , v) , 

and the measure v is invariant for the semigroup (Vf = ) T >o, see |DPL06| . Although 
{Vf) T >Q is not a standard evolution semigroup (since, as we already remarked, P s , s +t 
does not act in a fixed Banach space X but it maps L 2 (R n , i^ s + T ) into L 2 (R n , z^ s )), a part 
of the classical theory of evolution semigroups may be extended to our situation, and 
the spectral properties of the generator G# are strongly connected with the asymptotic 
behavior of Vf. In its turn, the asymptotic behavior of Vf may be easily deduced from 
the asymptotic behavior of P s t- In particular, setting 

(1.15) (Uu)(t,x) := M t u(t, •), tell, x € M n , 

and using (|1.13p . we see that Vfu converges exponentially to Iln as r — > oo, for each 
u G L^(R 1+n , z/), and the growth bound of {Vf(I— n)) T > is 0Jq(U). II is the spectral pro- 
jection relative to cr(G#)C\iM> = 2-ki'L/T, its range is isomorphic to L?L(R; dt). Moreover, 
G# has infinitely many isolated eigenvalues on the vertical line {A € C : Re A = ujq(U)}. 
The real parts of the remaining eigenvalues are less than ojq(U). On the other hand, the 
spectrum of G# consists of eigenvalues only, because D(G#) is compactly embedded in 
L 2 # (R 1+n ,u) as we proved in [GL07j . 

So, G# has a spectral gap that corresponds precisely to the asymptotic behavior of 
{Vf{I — n)) T >o. This implies that for each A with real part in (0,+oo), in (uo(U),0), 
and also for A G iR \ 2iri'L/T, for each h G L^(R 1+n ,u) equation (|1.2p has a unique 
solution u G D(G#). For A = 0, it is easy to see that the range of G# consists of the 

functions h such that the mean value J Rn h(t, x) dvt dt vanishes, and in this case the 
solution of (jl.2p is unique up to constants. 

If the data are not periodic but just bounded, a natural Hilbert setting for problem 
(|1.2p is the space L 2 (R 1+n ,u) consisting of the Lebesgue measurable functions h such 
that the norm 

INIl 2 (r 1 +'\ ! /) = ( / / \h(s,x)\ 2 dv s ds 
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is finite. A maximal regularity result similar to the one in the periodic space still holds, 
namely if A G C, h G L 2 (R 1+n , u) and u G L 2 (R 1+n , u) n H^{R 1+n , dt x dx) is a solution 
of (jl,2p . then u G -£f 1,2 (]R 1+n , i/) i.e. ut and all the space derivatives u XiXj belong to 
L 2 (R 1+n ,u). The operator 

C G : £>(G) = fr 1 - 2 (R 1+n , u) i-> L 2 (K 1+n , u), 

[ Gu(s, x) = u s (s, x) + C(s)u(s, x) 

is the infinitesimal generator of the evolution semigroup (V T ) T >o in L 2 (IR 1+n , i^), defined 
as Vt by 

(1.16) (V T u)(s,x) = (P s , s+T u(s + t, ■)) (x), seR, x G R n , r > 0, «£ L 2 (R 1+n , u). 

See |GL07| . A part of the properties of (Vf) T >o and G# are enjoyed by (V T ) T >o and G. 
However, without periodicity and compact embeddings, the results are less precise. G 
has still a spectral gap: its spectrum contains the whole imaginary axis, and it has no 
elements with real part in (co, 0), where Co < depends on A and B. Therefore, for each 
A with real part in (co,0) U (0,+oo) and for each h G L 2 (R 1+n , u), equation (jl.2p has a 
unique solution in D(G). For A = 0, we show that for h G L 2 (IR 1+n , v) problem (jl.2p has 
a solution in D(G) iff the function t i— > M^/i has a primitive in L 2 (M; dt), in this case the 
solution is unique. 

The projection II defined in (|1.15p is still the spectral projection relative to the imagi- 
nary axis, the range of II is isomorphic to L 2 (R; dt), the restriction of ("P T ) T >o to the range 
of II is the translation semigroup in L 2 (R;dt), and the growth bound of (P T (I ~ n))r>o 
does not exceed c$. So, for each u G L 2 (R 1+n ,u), V T u converges exponentially to Uu as 
t — > oo and we have an estimate for the convergence rate; the optimal convergence rate 
is still an open problem. 

Our procedure is reversed with respect to the periodic setting. As a first result we show 
that V T {I — n) converges exponentially to zero through Poincare type inequalities that 
hold in D(G). Then from the general theory of semigroups, it follows that the spectrum 
of the part of Gin (I -U)(L 2 (R 1+n , v)) is contained in the halfplane {A G C : Re A < c }. 
Moreover we obtain asymptotic behavior properties of P s t from the asymptotic behavior 
properties of V T , adapting to our situation the method used for the standard evolution 
semigroups and evolution operators. A crucial point in the proof is the continuity of the 
function s i— > \\P StS+T ip\\ 2 L 2 v y for each r > and for each good tp, say (p G C^(R n ). 
Eventually, we obtain 

\\Ps,t(<P - M t (p)\\&(8n tV ,) < e co(i - s) ||^|| i2(M „ ily0 , s < t, p G L 2 (R n ,u t ), 

where cq is the above constant. 

In the last section we show that (P s ,t)s<t is hypercontractive, i.e. P Sj t maps L q (R n , vt) 
into L p ( s '*)(]R ra , u s ) for suitable p(s, t) > q if s < t, q > 1, and 

< WvW Li (R",u t ), <P G L q (R n ,u t ), s <t. 

Moreover, p(s,t) > 1 + (q — i) e 2c o(s-i)_ Estimates of this type are well-known in the 
autonomous case, see jCMG96l IFuh981 IGro75| . As far as we know, this is the first 
hypercontractivity result in the nonautonomous case. 



6 



MATTHIAS GEISSERT, ALESSANDRA LUNARDI 



Our approach is based on the ideas used in [Gro75] . More precisely, we differentiate 

a ( s ) = \\Ps,M\LP(.°,t)(R",u s ) 

with respect to s for suitable functions ip and we show that a'{s) > for s < t with 
help of a variant of the classical logarithmic Sobolev inequalities. The difference with 
the autonomous case is that we have to deal with additional terms since the measure v s 
depends on s as well. 

2. Spectral properties and asymptotic behavior 

In this section we investigate the spectrum of (V T ) T >o and {VT)t>q, and of their 
generators. This leads to results about asymptotic behavior of such semigroups, and of 
the evolution operator P S)t . 

We already remarked that the general theory of parabolic evolution operators in Ba- 
nach spaces cannot be directly applied to our P S) t because it does not act on a fixed 
I? space but it maps X(t) = L 2 {W\ut) into X(s) = L 2 (M. n ,i/ s ) and these spaces do 
not coincide in general. The same difficulty arises for the evolution semigroups (Vf) T >o 
and (V T ) T >o, since the general theory (see e.g. the monograph [CL99]) has been devel- 
oped for evolution semigroups associated to evolution operators in a fixed Banach space 
X. Therefore, we have to start from the very beginning. However, some results can 
be extended to our situation with minor modifications. This is the case of the spectral 
mapping theorems of the next subsection. 

2.1. Spectral mapping theorems. We start with the spectral mapping theorem for 
(Vf) T >o. Next proposition 12. II is is a variant of [CL991 Theorem 3.13] for time-depending 
spaces. Its proof is based on the "change-of- variable" trick, see [LMS95] . 
We need some preparatory remarks. 

If X is any Banach space, we define the space L 2 # (R,X) as the space of all Bochner 
measurable functions Z : R i— > X, such that Z{9 + T) = Z{&) for almost all 9 £ R and 

\\zf:=^\\z{e)\\lde<^. 

UX = L|(R 1+ri ), then L 2 # (R,X) may be identified (setting z(6,t,x) = Z(9)(t,x) for 
each Z G lA(R,X)) with the space L^(R 2+n ) consisting of the Lebesgue measurable 
functions z defined in R 2+n such that z(6 + T, t, x) = z(9, t, x), z(9, t + T,x) = z(9, t, x) 
for almost all 9, t G R and x € R n , endowed with the norm 

||*|| = f T f T f \z(9,t,x)\ 2 v t (dx) dtd9 
1 \Jo Jo ir 

Proposition 2.1. If A, B, and f are T -periodic, then 

a(V*)\{0} = e T ^ G #\ r>0. 

Proof. The inclusion e r<T(G '# ) C (x{Vt) comes from the general theory of semigroups, see 
e.g. [ENOCH §3.6]. We have to prove that a{T>t) \ {0} C e rCT ( G #\ or, equivalently, that if 
A € p{G#) then e rA e p(Vf). 

Set X := L 2 t t (R 1+n ). We define two semigroups in the space L^R, X). The first one 

is the T-periodic evolution semigroup associated to our semigroup Vf , the second one is 
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the so called multiplication semigroup by VT '■ 

(V T Z)(9) = V*(Z(9-t)), t>0, 

(£ T Z)(0) = V*(Z{d)), r>0. 

It is easy to see that the infinitesimal generator A of (£ t ) t >q is the multiplication operator 
by that is 

D(A) = {Z G L 2 # (R, X) : Z{9) G D(G # ) a.e}, AZ(0) = G#Z(6), 

the resolvent set of A coincides with p(G#), and (R(X,A)F)(9) = R(\,G#){F(9)) 
for all A <E p(G#), F G L 2 # (R,X) and G E. 

Now we prove that = p(G), where G is the infinitesimal generator of (V T ) T>0 . 
Setting as above z(9,t,x) = Z(9)(t,x), we identify L 2 # (R,X) with L 2 # (R 2+n ). Then 

"P T and may be rewritten as semigroups in L^(IR 2+n ), 

(V T z){9,t,x) = V*z(9-T,;-){t,x) = P t ,t+rZ(9-T,t + T,-)(x), 

(£ T z)(9,t,x) = V*z(9,;-)(t,x) = P tit+T z{9,t + r,-){x). 

We define the isometry J : L 2 # (R 2+n ) h-> L 2 # (R 2+n ) by 

(Jz){9, t, x) = z(9 - t, t, x), (9, t, x) G R 2+n . 

Then £ T J = JV T for each r > 0, and this implies immediately that D(G) = J^ 1 (D(A)), 
G = J- X AJ and p{G) = p{A). 
So, we have 

p(G # ) = p(A)=p(G). 
Since ("Pt)t>o is an evolution semigroup, then by the general theory of evolution semi- 
groups we have p{Vf) = p{V T ) = e Tp ^ for each r > 0, see e.g. [CL991 Theorem 2.30]. 
In particular, if A G p(G#) then e rA G p{V T ) = p(vf), and the statement follows. □ 

We have a corresponding result in the non-periodic case. The proof is the same, with 
the space L 2 (R, L 2 (R 1+n , v)) instead of L 2 # (R, L 2 # (R 1+n )). 

Proposition 2.2. We have 

a(T T )\{0} = e T ^ G \ r>0. 

2.2. Exponential dichotomy and asymptotic behavior of P s t in the periodic 
case. Throughout this section we assume that A, B, and / are T-periodic. As in the case 
of a fixed Banach space X (see [Hen81]), the asymptotic behavior of P St t is determined 
by the spectral properties of the Poincare operators, 

V(t) := P t _ T , t G C(L 2 (R n , u t )), t G R. 

In the following proposition we collect the spectral properties of the operators V(t) 
that will be used in the sequel. An important role is played by the projections on the 
subspace of constant functions, given by the mean values: 

(2.1) M tV := [ ipdu u (p G L 2 (R n , 
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We recall that the eigenvalues of U(t + T, t) are independent of t, and that A is a 
semisimple eigenvalue of U(t + T, t) iff it is a semisimple eigenvalue of U(T, 0) iff it is 
a semisimple eigenvalue of U*(T, 0). Moreover, denoting by r$ the spectral radius of all 
the operators U(t + T, t) we have ljq(U) = ^ log ro, i.e. 

Proposition 2.3. The spectrum of V(t) is independent of t, and it consists of isolated 
eigenvalues with modulus < 1, plus 0. Moreover, 

(a) If X E o~(V(t)) and |A| = 1, t/ien A = 1, it is a simple eigenvalue, and the 
eigenspace consists of the constant functions. The spectral projection is Mi . 

(b) If A G <r(V(i)) and |A| < 1, then |A| < ro, and i/ie generalized eigenspace consists 
of polynomials with degree < . 

(c) For |A| < 1, there exists a non-constant polynomial ip of degree 1 satisfying 
V(t)(p = Xip if and only if A G a(U(T, 0)). In case, 

= (c,sc) + [(c,s(M - T)}, 

where c is an eigenvector ofU*(t,t — T) with eigenvalue A. 

(d) An eigenvalue ofV(t) with modulus equal to ro is semisimple iff it is a semisimple 
eigenvalue of U (T, 0) . 

Proof. By estimates ()1.12[) . V(t) maps continuously L 2 (M n ,fj) into i7 1 (M n , i^), which is 
compactly embedded in L 2 (R n , v t ) because v t is a Gaussian measure with nondegenerate 
covariance matrix. Therefore it is a compact operator, and its spectrum consists of and 
of isolated nonzero eigenvalues. 
From the equality 

P s ,tV(t) = V{s)P S:t , s < t, 
it follows that if <p is an eigenfunction of V{t) with eigenvalue A / 0, then Ps^P is 
an eigenfunction of V(s) with eigenvalue A. It follows that the spectrum of V{t) is 
independent of t. 

Let (p be again an eigenfunction of V(t) with eigenvalue A / 0. Then Pt-nT^ = 
(V{t)) n ip = X n (p for each n G N, so that, by estimate (I1.12j) . 

(2-2) \X\ n \\D a <p\\ L ^ tVt) < Ce^l^lMU^^), n G N, 

for ijj G (uq(U),0) and for each multi-index a. Therefore, |A| < 1 and D a ip = if 
\a\ > log \X\/ujq(U)T. This proves that the eigenspace consists of polynomials with 
degree < log |A|/logro. 

To complete the proof of statement (b) we argue by recurrence. Assume that for some 
r G N the kernel of (XI — V(t)) r consists of polynomials with degree < log |A|/ log ro, 
and let ip G Ker (XI - V(t)) r+1 . Then the function ip := Xip - V(t) ip is a polynomial 
with degree < log |A|/logro, as well as V(t) k ip for each k G N. Indeed, each P s j maps 
polynomials of degree n into polynomials of degree < n, for each n G N. Since 

n-l 

V(t) n <p = X n tp-^X n - l - k V(t) k ^, n G N, 

fc=0 

then D a (V(t) n ip) = X n D a ip, for |a| > log |A|/logro. Using (|2.2p as before we see that ip 
is a polynomial with degree < log |A|/logrQ. This proves statement (b). 
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Now we can prove statement (a). Estimate (12. 2p shows that if V(t)(p = \ip and |A| = 1, 
then ip is constant, and since V(t) is the identity on constant functions, we have A = 1. 
By statement (b), also the kernel of (I — V(t)) 2 consists of the constant functions, so 
that it coincides with the kernel of I — V(t), and 1 is a simple eigenvalue. 

The projection Mj maps L 2 (R n , vt) onto the kernel of I— V(t). Moreover, it commutes 
with V(t), since for each ip G L 2 (R n , Vt) we have 



Since 1 is a simple eigenvalue, then Mt is the associated spectral projection. 
Let us prove statement (c). Let tp(x) = c + (c,x) with c G C and c G C™. Then 



Hence, V(t)p = Xp iff A G a(U(t,t—T)), c is an eigenvector of U*(t, t—T) with eigenvalue 
A and c= (c, g(t,t - T)) /(X - 1). 

Note that U*(t,t — T) has at least one eigenvalue A with modulus equal to r$. By 
statement (b), the corresponding generalized eigenspace of V(t) consists of first order 
polynomials. Let p(x) = c + (c, x) be a first order polynomial in the kernel of XI — V(t). 
The equation (XI — V(t))vp = ip may be solved only by first order polynomials. If 
ip(x) = c\ + (ci, x), we have (XI — V(t))ip = p iff 

(A - l)ci + (Aci,x) - (c*i , U(t, t — T)x + g(t, t — T)) =c+(c,x), x £ R n , 

that is, (A — l)ci — (c\,g(t,t — T)) = c and Xc\ — U*(t,t — T)c\ = c. Since c is an 
eigenvector of U*(t,t — T) and c = (c,g(t,t — T))/(A — 1), we have (XI — V(t))ip = ip iff 
ci €Ker(A/-[/*(M-T)) 2 \ Ker (AI-£/*(i, i-T)), and Ci = (c+{cy, g(t,t-T)))/(X-l). 
Statement (d) follows. □ 

Statements (a) and (b) are a generalization to the periodic nonautonomous case of 
the results of .Ml'fWl Proposition 3.2] concerning the spectral properties of elliptic 
Ornstein-Uhlenbeck operators. 

As a consequence of Proposition 12.31 we describe the asymptotic behavior of P s ,t^P for 
each p € L 2 (W n ,u t ). 

Proposition 2.4. (i) For each lu G (luq(U),0) there exists M = M(uj) such that 



(2.3) \\P s , t (p-M t <p)\\ L 2 {Rn)Vs) < Me^- s )|M| i2(irVt) , s < t, <p G L 2 (R n , v t )- 



(ii) For each uj < ujq(U) there is no M such that (12. 3ft holds. 

(iii) Estimate (|2.3p holds for u = ujq(U) iff all the eigenvalues ofU(T,0) with modulus 
equal to ro are semisimple. 

Proof, (i) Let us split L 2 (R n ,u t ) as the direct sum L 2 (R n ,u t ) = X t X c , where X t 
consists of the functions with zero mean value and X c consists of the constant functions. 
The orthogonal projection on X c is Mt, and by Proposition 12.31 (a) it coincides with the 
spectral projection associated to the eigenvalue 1 of V(t). The spectral radius of the 
part of V(t) in Xt does not exceed ro by Proposition 12.31 (b), but in fact it is equal to 
ro, because for each A G a(U(T, 0)) with modulus ro, A is also an eigenvalue of V(t) by 
Proposition 12.31 (c) . 




(V(t)p)(x) =c+(c, U(t, t - T)x) + (c, g(t, t-T)). 
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From now on we can proceed as in the standard case of constant underlying space 
(eg, [ Hen811 §7.2]). For tp G X t and t - s > 2T set m = [s/T] + 1, k = [t/T]. Since 
PmT,kT = V(0) k ~ m , then 

\\Ps,tf\\L 2 (R",u 3 ) = \\Ps,mTV (0) k ~ m PkT,t<P\\L 2 (R n ,u s ) < ||^(0) fc ~ m \\c(X () ) II <f\\ L 2 (R™ ,v t ) ' 

where (k - m)T >t-s-2T. Since lim^oo \\V(0) h \\ c{Xo ) = r = e" ^ , it follows that 
for each oj > ujq(U) there exists M = M(uj) such that 

\\Ps,ttp\\L 2 (R n ,v s ) - Me^' S '\\<p\\L 2 (W",vt)i s < tj 

which is (12, 3h in our case, because Mttp = 0. 

For general tp G L 2 (M n , v t ), applying the above estimate to tp — M t ip gives (12. 3D . 

(ii) By Proposition 12.31 V(t) has some eigenvalue A with modulus tq. If tp is an eigen- 
function, then it belongs to Xt so that Mttp = 0. Moreover, for s = t — kT we have 
P Stt tp = \ k <p so that \\P Stt (ip - M t (p)\\ L 2 {Rn ^ s) = \\P s ,M\l 2 (R",u s ) = e u ^ u)it ~ s \ and (ii) 
follows. 

(iii) By proposition l2.3( b) (c) . the eigenvalues of V(t) with modulus in (r^, 0) coincide with 
the eigenvalues of U(t + T, t) with modulus in (r-Q,0). Therefore, setting r\ = max{|A| : 
A € a(U(T, 0)), |A| < ro}, V(t) has no eigenvalues with modulus in (max{n, rg}, ro), 
while the part of the spectrum of V(t) with modulus equal to vq consists of eigenvalues 
of U(T,0). Let Qt be the associated spectral projection, and let us further decompose 
X t as the direct sum Q t (X t ) © (I — Qt)(X t ). Note that for s <t, P s> t maps Qt(X t ) into 
Q S (X S ) and (J - Q t )(X t ) into (J - Q 8 )(Jf a ). The spectral radius of V(0)(I - Q - Af ) 
does not exceed max{ri,rQ}, so that arguing as in the proof of statement (i) we obtain 
that for each u G (log maxjri, Tq}, uq) there is M > such that 

\\PsA 1 ~Qo- Mo)\\c(LHR",v t ),LHR",u s )) < Me^- S \ s < t. 

Assume that all the eigenvalues of U(T, 0) with modulus ro are semisimple. Then by 
Proposition 12.3( d) they are semisimple eigenvalues of V(0). Therefore there is C > 
such that 

\\V(0) k Qo\\c(LHR^u )) < Crl ken. 
Arguing again as in the proof of statement (i), we obtain that (|2.3h holds also with 

LO = LJ Q (U). 

If one of the eigenvalues A of U(T, 0) with modulus ro is not semisimple, again by 
proposition 12.3( d) it is a non-semisimple eigenvalue of V(t). Then there are nonzero 
functions tpo, ipo G X t such that (XI — V(t))tpo = tp, (XI — V(t))ipo = 0. It follows that 
V(t) k tpo = X k ipo — kipo, for each k G N. Arguing as in the proof of statement (ii) we see 
that (|2.3p cannot hold for <p = tpo and uj = ujq(U). □ 

Proposition 12.41 establishes a sort of exponential dichotomy with any exponent u G 
(loq(U),0) for P s j. Indeed, the projections 

tp i — > M t tp, t G R, 

map eachL 2 (R n ,^) into the common one-dimensional subspace X c of the constant func- 
tions, and satisfy 

(a) M s P S)t = P a)t M u for s < t; 

(b) P Sj t ■ Range M t i— > Range M s is invertible (in fact, it is the identity in X c ); 
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(c) ||P S)t (/ - M t )|| £(i2(RIVt)ii2(MIVs)) < Me^~ s \ s < t. 

2.3. Spectral gap of G# and asymptotic behavior of (pf) T >Q. Since D(G#) is 
compactly embedded in L^((0,T) x M n ,z/), see |GL07| . the spectrum of G# contains 
eigenvalues only. This allows us to do further investigations of the spectrum of Gjl. 

The next proposition shows that all the generalized eigenfunctions of G# have a special 
structure. 

Proposition 2.5. Assume that u G D(G^) satisfies (XI — G#) r u = for some A G C 
and some r G N. Then 

U(t,x) = ^ c a(t)x a , 
\a\<K 

where K < and c a G H^(0,T). 

Proof. Let us start with r = 1. Since G#u = Xu, we have VTu = e u for r > 0. 
Therefore, by estimates <j!.12[) . for any u > ojq(U) there exists C > 0, such that for any 
multi-index a, 

h XTD x u \\L 2 # (W-+™,v) = \\ D x'Pt u \\L 2 # {W-+™,u) < ^Mlx* (Ri+n,,/), T > 1. 

Letting r — > oo, we obtain 

II- d " w IIl|(r i +"^) = 

for Re A > u>\a\. This implies that u(t, •) is a polynomial of degree less than or equal to 
| Re X\/uj for any uj G (uo(U),0). 

Suppose now that the assertion holds for r = 1, . . . , ro and assume that u G D(G r £ +l ) 
satisfies {XI - G # ) ro+1 u = for some A G C. Then, 

ro j 

V*u = e Ar ^-(A - G # ) j u, t > 1. 
i=o J ' 

By the induction hypothesis, (A/ — G#) J u is a polynomial of degree < Re X/u>o(U), so 
that D a (XI — G#)iu = for 1 < j < ro and |q| > Re X/uq(U). So, we obtain 

D*V*u = e Xr D%u, r > 1, 

and the assertion for ro + 1 follows as above. □ 

Proposition 12.51 implies that the eigenfunctions with eigenvalues A such that Re A G 
(2ujq(U),0] are first or zero order polynomials with respect to x, with coefficients possi- 
bly depending on t. In the next proposition we characterize the eigenvalues that have 
eigenfunctions of this type. 

Proposition 2.6. Assume that u(t,x) = c(t) + Ya=i c i(t) x i w ^h c, Ci G H\(0,T) \ {0} 
satisfies G#u = Xu for some A G C. Then 

(2.4) A G (I log a(U(T, 0)) + ^z) U ^Z. 

Conversely, for each X satisfying (|2.4p i/iere is a function u ^ as above such that 
G#u = Xu. 
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Proof. Since u satisfies G#u = An, we have 

(2.5) c'(t)=Xc(t)-(f(t),c(t)), t€R, 

(2.6) c(0) = c(T) 

(2.7) c'(t) = (A - A*(t))c(t), ieK 

(2.8) c(0) = c(T) 

where c = (ci, . . . , c n ) T . Note that every solution of f|2.Tj) is of the form 

(2.9) c(t) = e A '[/*(0,t)c with c G C n . 



If Co = we have c(t) = for t G R, Hence, the solutions of (|2.5|) are given by c(i) = e xt CQ 
with any Co 6 C, and equation (|2.6p can be satisfied iff A G %p-Z. 

If c*o ^ 0, c(t) satisfies (|2.8p iff c*o is an eigenvector of V*(0) with eigenvalue e~ XT , i.e. 

iff 

1 2-7TZ 1 27TZ 

(2.10) A G --loga([/*(0,T)) + — Z = - log a(C/(T, 0)) + — Z. 

Moreover, since all the solutions of (|2.5p are given by 

i 

(2.11) c(t) = e A 'c - /" e A( *~ s) (/(s), c(s)) ds with c G C, 

o 

and e A * + 1 for A G log a(U*(0, T)) + ^Z, we can find c G C such that the function 
given by (|2.1ip is a solution to (12. 6h . □ 

Corollary 2.7. (i) a(G#) UiR = ^Z; /or eac/i k e Z the eigenvalue ^£ is simple 
and the eigenspace is spanned by u(t,x) := e 2mkt / T . 

(ii) The strips {A G C : Re A G (u (U),0)} and {A G C : Re A G (a, o> (*/))} are 
contained in p(G#). Here a = max.{2uJo(U), y log : G o"(C/(T,0)), |«| < 

(iii) A G cr(G # ) and Re A = a; (?7) tff n := e XT G <r(i7(T,0)) and \fj,\ = lo (U); for 
each k G Z f/ie eigenvalue A + ^p^ is semisimple iff e XT is a semisimple eigenvalue 
ofU(T,Q). 

Proof. All the claims are immediate consequences of Propositions 12.5 1 and 12.61 except the 
statements about semi-simplicity. 

Let A = 2-KikjT, and let tp G Ker (XI - G#) 2 , i.e. (XI - G#)ip(t,x) = C e 27Tikt / T for 
some c G R. By proposition 12.51 V = is independent of x, and G#<p(t,x) = <//(£), so 
that = e 2mkt / T (<p(0) - ct); since is T-periodic then c = 0. Therefore, the kernel of 
(XI — G#) 2 is equal to the kernel of XI — G#. 

Let now A be an eigenvalue with real part equal to u>o(U). By Proposition 12.51 all the 
generalized eigenfunctions v are first order polynomials with respect to x. 

So, let v(t, x) = ci(t) + (ci(t), x) satisfy (XI—G#)v = u, where u(t, x) = C2(t) + {c2(t),x) 
is an eigenfunction with eigenvalue A. Note that c*2 ^ 0. As in the proof of Proposition 
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12.61 we obtain 








(2.12) 




= \ Cl (t)- < /(t),ci(i) > 


-C2(t) 


(2.13) 


ci(0) 


= ci(T) 




(2.14) 


cx'(i) 


= (A-A*(i))ci-c 2 (i), 


t e R 


(2.15) 


ci(0) 


= cl(T) 




All the solutions 


of (|2.14|) 


are of the form 





f 

ci(t) = e A *C/*(0,t)ci, - /" e A( *- s) [/*(s,t)c 2 (s) ds 

o 

with some ci 5 o £ C n . Since u is an eigenf unction, the proof of Proposition 12.61 yields 
c 2 (s) = e Xs U*(0,s)c2fi where c 2j o is some eigenvector of e XT U*(0, T) with eigenvalue 1. 
Hence, 

cx(t) = e A *[T(0,t)ci i0 - te xt U*(0,t)c 2 ,o, t € R, 
Therefore, (|2.15p is satisfied iff c^o = e XT U*(0, T)c\$ — Tc 2j o, that is 
(2.16) (1 - e AT C/*(0,T))ci, = -Tc 2 , , 

so that c±fi belongs to the kernel of (1 — e AT C/*(0, T)) 2 . If e AT is a semisimple eigenvalue of 
U(T, 0), then 1 is a semisimple eigenvalue of e AT t/*(0,T), and the only couple (c^cc^o) 
that satisfies ([2.16P is (0, 0), so that v = u = 0. If e AT is not semisimple, there are nonzero 
couples (cifi,C2 t o) that satisfy (|2.16p . Using such couples, nonzero solutions ci(i), ci(t) of 
(|2.12p . . . . , (|2.15p may be found, and the corresponding functions v(t) = ci(t) + (c\(t),x) 
satisfy (XI - G#) 2 v = 0, (XI - G # )v ^ 0. □ 

Remark 2.8. The spectral projection of G# corresponding to the eigenvalue is 

u^> I- I I u(t,x)dv t dt. 
1 Jo JR n 

Indeed, it maps L^(R 1+n , u) onto the kernel X c of G# and it commutes with G#. This 
implies that for h £ L^(R 1+n ,i/) the equation 

G#u = h 

has a solution u £ D(G#) iff the mean value J^ T ) xR n h(t, x)du vanishes, and in this case 
the solution is unique up to constants. 

Remark 2.9. In the autonomous case A(t) = A, f(t) = 0, B(t) = B we have a complete 
characterization of the spectrum of G#, 

( 2kiri -J -, 1 

a (G # ) = < A € C : A = — — + n i X fi k £ Z, n 3 GNU {0} \ 
I j= i J 

where Xj, j = 1, . . . , r are the eigenvalues of A. 
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Indeed, in this case our evolution system of measures consists of a unique measure v 
independent of t, which is the invariant measure of the Ornstein-Uhlenbeck semigroup 
T(t), and G# may be seen as the closure of the sum of the resolvent-commuting operators 

Gi : D(Gi) := {u G L 2 # (R 1+n ,u) : 3u t G L 2 # (R 1+n ,v)} ^ L 2 # (R 1+n , u)}, 
G\u = u t , 



G 2 : D(G 2 ) := {u G L 2 ^(M 1+n , v) : 3u Xi , u XiX] G L 2 # (R 1+n ,u)} ^ L 2 # (R 1+n , u)} , 

{G 2 u)(t,x) = Cu(t,-)(x), 

hence its spectrum is the sum of the spectra of G\ and of G 2 . The spectrum of Gi is 
easily seen to be ^-Z, while the spectrum of G 2 is equal to the spectrum of the Ornstein- 
Uhlenbeck operator C in L 2 (R n , v), that was characterized in [MPP02] as the set of all 
the complex numbers of the type Yll=i n i^ii where Aj, i = 1, . . . , r are the eigenvalues of 
A and n { G NU {0}. 

Proposition 2.10. We have 

Ker(7 - V*) = L|(0, T) = Ker(7 - V*) 2 , 

so that 1 is a semisimple isolated eigenvalue of . The spectral projection II is given 
by 

Uu(t,x) := M t u(t,-), t G R, x G R n . 
Proof. [ENOCH Corollary IV.3.8] yields 

Ker(J - V*) = Ker(2 ? ra/r-G # ) ^ ((0 - r)xR "- ,/) . 

Since Kei(2irik/T — G#) is spanned by the function u \— > e 2mk / T f or an y g Z (see the 
proof of Proposition 12, 6p . the first equality follows. 
Assume that u G Ker(J — V^) 2 , i-e. 

((/ - P t ,t+T)u(t + T, •)) (x) = f(t), a.a. t G R 

for some / G L^(0,T). By Proposition 12.31 u(i) is independent of x for a.a. t G R. 
Therefore, u G L#(0,T) = Ker(Jd - V T )- This means that 1 is a semisimple eigenvalue 
of Vf. 

By Corollary 12.71 and Proposition 12.11 there are no other eigenvalues with modulus 
greater than e ul0<yU ^ T , so that 1 is isolated. The projection u h- > IIu maps L?L((0, T) xR", 
onto L^(0, T) and it commutes with 7-t- Since 1 is a semisimple eigenvalue, it is the 
spectral projection. □ 

Corollary 2.11. The growth bound of {T>?(I - n) r>0 ) is uq(U). In other words, 
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(a) for lu > u>o(U) there exists M > such that 
(2.17) 

T T 

(jJ>*(u-Uu))(t,x)Y u t ( dx) dt < Me 2ujT J J ((« - Uu)(t, x)) 2 v t (dx) dt, 

OR" OR" 

u G L|(IR n +V), r>0; 

(b) foru < ojq(JJ) there does not exist any M > smc/i that (I2.17|) holds. 
Moreover, estimate (|2.17p ZioZrfs /or a; = ujq{U) iff all the eigenvalues of U(T,0) with 
modulus equal to ro are semisimple. 

Proof. Since Hu(i, x) = Mtu(t, ■), i £ R, then the first assertion immediately follows from 
Proposition I2.4f i) and from the definition of vf ■ 

By Proposition E21 loga(U(T,0))/T C a p (G#), so that for any \i G o~(U (T, 0)) with 
modulus equal to e UJ °^ T , there is a nonzero eigenfunction u of G with eigenvalue A = 
log/i/T, such that \\V* u\\ L ^ (( ,T)xR«,t/) = ea,o( ^ T |l«lll,|((o,T)x)a«,i/) for each r > °- Hence, 
statement (b) holds. 

If all the eigenvalues of U(T, 0) with modulus equal to ro are semisimple, then estimate 
(|2.3p holds with u> = u>o(U) and consequently (|2.17p holds with u = u>o(U). If some of 
such eigenvalues fi is not semisimple, the eigenvalue A = logyu/T of G# is not semisimple 
by Corollary 12.71 and for every v G Ker (XI — G#) 2 such that Xv — G#v = u G Ker 

G# \ {0} we have vfv = e Xr v —re XT u for each r > 0, so that for u = ujq(U) there does 
not exist any M > such that (f2~TTl) holds. □ 

Formula (I2.17P improves the convergence result of [DPL061 Prop. 6.4], obtained by 
different methods. 

2.4. Spectral gap of G and asymptotic behavior of (7 ? T ) T >o. In this section the 
functions A, B, f are not necessarily periodic but just bounded. Although our results 
are not as precise as in the periodic case, still the Poincare type inequality of the next 
theorem yields information on the asymptotic behavior of (V t ) t >q. 
We use the notation of §2.3, setting again for each u G L 2 (IR 1+n , u) 

(Uu)(t, x) = M t u(t, ■)= u(t, x)dv t , t G K, x G R n . 

JR" 

II is still an orthogonal projection, that maps L 2 (M 1+n , v) into its subspace of the func- 
tions independent of x, isomorphic to L 2 (M, dt). 

Theorem 2.12. For each to G (uo(U),0) let M = M(uj) be given by fjl .81) . Set moreover 
C := sup fgK ||5(t)||. Then for each u G D(G) we have 

(2.18) / (u(t,x) -nu(t)) 2 dv < / \D x u(t,x)\ 2 du. 

A similar inequality was proved in [DPL061 Thm. 6.3] in the periodic case for functions 
in D(G#), but the proof is the same for functions in D(G); one has just to replace the 
core used in [DPL06] by -D(Go) and the integrals over (0, T) x R n by integrals over M 1+n . 
So, we omit the proof. 
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Once estimate (|2.18p is available, a convergence result follows in a more or less standard 
way. 

Corollary 2.13. Letoj, M, C be as in Theorem \2. 131 and let be the constant in (jl.4p . 
For each u G L 2 (R 1+n , v) we have 

(2.19) \V T (u-Ku)\\ L ^+ n , v) < e^o T / M2c2 ||u-nu|| L2(M i + „ ily) , r>0. 

Again, the proof is the same of [DPL061 Prop. 6.4], and it is omitted. 
Corollary 12. 131 shows that the growth bound of V T (I — II) does not exceed the number 
Co defined by 

(2.20) Co = inf |_^|_ : a,e(a;o(t0,0)j. 

But Co does not seem to be optimal. By estimates (|1.12|) the asymptotic behavior of 
the space derivatives of V T u is the same of the periodic case, and this suggests that the 
growth bound of V T (I — II) should be equal to ujq(U). 
Now we can prove some spectral properties of G. 

Proposition 2.14. The following statements hold true. 

(i) The spectrum of G is invariant under translations along iR. 

(ii) iR C o~(G), and XI — G is one to one for each A G iR. The associated spectral 
projection is II. 

(iii) a(G) n {A G C : Re A G (c ,0)} = 0. 

(iv) If the data A, B, f are T-periodic, then h logo~(U(T, 0)) + iR C o~(G). 

Proof. For every £ G R let us consider the unitary operator T^ in L 2 (R 1+n , u) defined by 
T^u(t,x) = e lt ^u(t,x). Since the spectrum of G is equal to the spectrum of (T^)~ l GT^ = 
G + i^I, statement (i) follows. 

Let us split L 2 (R 1+ " , v) in the direct sum 

L 2 (R 1+n , !/) = (/ — n)(L 2 (M 1+n , v)) ® n(L 2 (M 1+n , v)). 

The semigroup V T maps (/ — II)(L 2 (lR 1+n , i^)) into itself (the proof is the same of the 
periodic case), and the growth bound of V T (I — II) is less or equal to Co, by corollary 
12.131 It follows that the spectrum of the part of G in ( I — II)(L 2 (R 1+n , v)) is contained 
in the halfplane {AGC:ReA<co}. 

The part of G in II(L 2 (R 1+ ™, v)) is just the time derivative, with domain isomorphic 
to ^(Rjdt). Its spectrum is iR, and it has no eigenvalues. Statements (ii) and (iii) 
follow. 

In the periodic case, let fi G cr(U(T, 0)). By Proposition 12.61 ^ := logM/T 1 is an 
eigenvalue of G#. Let u be an eigenfunction. Fix a function 9 G C°°(]R) such that 6{t) = 1 
in (-oo,0], 6 = in [T,+oo), and define k (t) = 9{t - kT) for t > 0, 9 k (t) = 0(-t - kT) 
for t < 0. 

Then the functions Uk(t, x) := u(t, x)0f e (t) belong to D(G) and satisfy (XI — G)uk(t, x) 
= 9' k (t)u(t, x), so that \\(XI — G)uk\\L 2 (R 1 + n ,u) is bounded by a constant independent of k, 
while || nfc 11^2 (K i+n )iy )2 > J_^ T J Rn |n(t,x)| 2 di/ = 2fc|[n|| i 2 t((0iT)xR n ii , ) goes to oo as k -> oo. 
This shows that XI — G cannot have a bounded inverse, so that A G cr(G). □ 
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Remark 2.15. For h G L 2 (R 1+n ,i^) consider the equation 

Gu = h. 

It is equivalent to the system 

(i) G(I - U)u = (I - U)h, 

(ii) GUu = ILh. 

Equation (i) is uniquely solvable with respect to (/ — H)u, because is in the resolvent 
set of the part of G in (I — II)(L 2 (M 1+n , l/j). Equation (ii) is equivalent to 

^-Uu = Uh, 
at 

and it is solvable iff Uh has a primitive £ in L 2 (R, dt), in this case the solution is unique. 

So, the range of G consists of the functions h such that Uh has a primitive £ in 
L 2 (W,dt). Therefore, G is not a Fredholm operator. 

Remark 2.16. Arguing as in Remark 12. 91 we obtain that in the autonomous case A(t) = 
A, f(t) = 0, B(t) = B, the spectrum of G consists of a sequence of vertical lines, and 
precisely 

a(G) = /a € C : Re A = ^n^Re A,-; nj G N U {0}| 
I j= i J 

where Xj, j = 1, ... ,r are the eigenvalues of ^4. Since in this case uo(U) is equal to 
the biggest real part of the eigenvalues of A, then the spectrum of G does not contain 
elements with real part in (l>q(U),Q). So, we have the same spectral gap as in the time 
periodic context. 

In the previous section we deduced asymptotic behavior results for Vr from asymptotic 
behavior of P s ,t- Now we reverse the procedure, deducing asymptotic behavior of P s ^ 
from Corollary 12.131 

Theorem 2.17. Let c be defined by (j2.20|) . For each s < t G E and ip G L 2 (W n ,v t ) we 
have 

(2-21) \\P Stt (<p - M t y)\\ L ^ n , Vs) < e Co(t - s) ||^||i,2 (R „ ji/t) . 

Proof. The starting point is the continuity of the function s \— > ||P SiS+r (/3|| 2 2 ( R „ y y for 
each r > and for each cp G C^(M n ). Once it is established, we get estimate (|2.2ip for 
(p G CjJ(lR n ), arguing as in the case of evolution semigroups in a fixed Banach space. 
Since C^(R n ) is dense in L 2 (R n , u t ), estimate flZZD follows for each ip G -L 2 (R™, u t ). 

Step 1: continuity of s ^ ||P SiS+T ^|| 2 2(Rn 

Fix s, sq G R. Changing variables in an obvious way, we write 

(2.22) \\P a , 8 +T<p\\ 2 L 2(M.n tVa \ ~ \\Ps ,8o+M\ 2 L 2m n„ sn) = / (u(s,x) 2 -u(s ,x) 2 )M ,i(dx), 

" JM. n 

where 

u(s, x) := P SiS+T ip(Q(s, -oo) 1/2 x + g(s, -oo)). 
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Since ||u||oo < Halloo i then \u(s, x) 2 — u(sq, x) 2 \ < 2||</>|| 00 |it(s, x) — u(so, x)\. We estimate 
\u(s,x) — u(so,x)\ changing again variables, as follows: 

\u(s, x) — u(sq, x)\ < 



/ \(p(Q(s + t, s) 1/2 y + U{s + t, s)(Q(s, -oo) 1/2 x + g(s, -oo)) + g{s + r, s)) 

-^(Q( s + T, S ) 1/2 y + ^(SO + T, S )(Q(S ,-00) 1/2 X + 5(S ,-00)) -|- q{sq + T, S ))| 

M),/(dy) 



nn/2 

< || \D<p\ IU ( ^||Q(* + r, s) 1 / 2 - Q(s + r, s ) 1/2 || + 

||C7(s + r, s)Q(s, -oo) 1 ^ _ [/( So + r> So )Q( So + T> ao )i/2|| 
|ff(s + T,s) -5(s + r, s ) I 



Using this estimate, we see that the integral in (|2.22p goes to as s — > so by dominated 
convergence. 

Step 2: conclusion. 

Fix t e R and £ e C~(R) such that = 1. Set 

u(s, x) := £(s)tp(x), s£l, 

Then u G L 2 (R 1+n , i/). We recall that 

CP T (u-Uu))(s,x) = P S)S+t u(s+t, -)(x)-M s+t u(s+t, •) = £(s+T)(P S;S+T (p(x)-M s+T cp), 
so that 

\\V T (n-Uu)( S , •) H^^n^) = £(s+r) 2 f J^(P s , s+ Mx)) 2 Mdx)-( vWvs+ridxfj ) . 

Therefore, for each r > the function s i— > \\V T (u — Hu)(s, Oll^mn ^ ) is continuous. This 
is true also at r = 0, since 

||(« — nu)(d, OIliaCK",*'.) = ll^( s )(y ~ M ^)l!i 2 (M™,^) 
= |^(s)| 2 f / <p(x) 2 v a (dx)-( I ^{x)v s (dx))^ 
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Hence, we have 



\P Sjt (I - M t )cp\\ 2 L2{Rn ^ s) = \\V t - s (u - Uu)(s, 0lli2(ien „,) 

s+e 



\im + - I \\V t - s (u-Ilu)(r],-)\\ LHRn)Vri) drf 



lim — I 

e-*0+ e 

1, 



X[s,s+e]Pt-s{u ~ nu) 1^2(^+1^) 



Mm ^\\Vt- s (X[t,t+e){u - nw))||| 2(K „ +1 s 
< e 2c °(*- s ) lim -\\ X[ttt+£] (u - Uu)\\l 2(Wn+1;U) 



e^0+ e 

rt+s 



e2co(i " s) 1 ™A I ^iKv-^ili"^) 



= e 2co(t - s) |k-M^||| 2(R „, t) 
and ([2T2I1 follows. □ 

3. Hypercontractivity 

In this section the data A, B, f are bounded but not necessarily periodic. 

Since V T acts as a translation semigroup in the time variable, it cannot improve v- 
summability. Thus, it seems hard to get hypercontractivity estimates for P s j from prop- 
erties of V T . In fact, we follow the ideas of [Gro75| . adapting his procedure to the 
time depending case: fixed any i 6 I and q > 1, we look for a differentiate function 
p : ( — oo, t] I— > [q, +oo) such that p(t) = q and 

d 

ll- P s,t < ^llLP(=)(R«,^) > 0) s < t 

for all good (e.g., exponential) functions (p. If such a p exists, we get ||-P s ,tV : '||.LPW(R n v s ) — 
\\<f\\Li(R n ,u t ) f° r all exponential functions, and hence, by density, for all (p G L 9 (]R n , u t ). 

In the time independent case, hypercontractivity of a semigroup is equivalent to the 
occurrence of a logarithmic Sobolev inequality for its invariant measure ( |Gro75| ). Since 
our measures vt are Gaussian, they satisfy logarithmic Sobolev inequalities, which are 
the starting point of the procedure. As in the autonomous case, what we need are log- 
Sobolev inequalities expressed in terms of the quadratic forms associated to the operators 
L(t). Dealing with the nonautonomous case, an additional term appears in the quadratic 
form, i.e. we have 
(3-1) 

J vL{t)<pv t {dx) = ~\j \B*(t)V<p\ 2 v t (dx) - 1 J <p 2 d t p(x,t) dx, <p G H 2 (R n ,u t ), 

R" R™ E" 

as a consequence of [GL07, Lemma 2.4], and this produces an additional term in the 
log-Sobolev inequalities. More precisely, the following lemma holds. 
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Lemma 3.1. For p G (1, oo), tel and ip G W 2 ' P (W 1 , v t ), we have 



(3.2) 



\v(x)\ f ' log(\cp(x)\)vt(dx) < \M P LPiR n tUt) log(\\<p\\ LP{K n !Ut) ) 

+c(p,t)(Re {-L(t)<p, <Pp)&(Bn tVt ) + ^ J \ip(x)\ p d t pdx\. 
Here, (p p = \(p\ p ~ 2 (p and 

(3.3) c(p,t) = -^\\Q 1 /*{t,- 0O )B*- 1 (t)\\ 2 . 

p — 1 

Proof. The starting point is the logarithmic Sobolev inequality 

X)\ 2 \0g{\lp{x)\)Vt{&x) < \\Q 1/2 (t, -00)V^||| 2(Rll ^ t) + \\lp\\ 2 L 2 {R n jUt) log \\lp\\ L 2 {R n tUt) , 



valid for any t £ R and tj) € -ff 1 (M n , Vt), that follows from the well known logarithmic 
Sobolev inequality for the Gaussian measure JV(0, I) (e.g., |Gro75} formula (1.2)]) via 
the standard change of variables already used in the proof of Theorem 12.171 Since B*(t) 
is invertible, we get 
(3.4) 

J ^(x)| 2 log(|^(x)|)z, t (dx) < ||QV2( t) -oo)^*- 1 ^)!! 3 /" \B*(t)V^{x)\ 2 v t (dx) 

+ IMl£a (K „ ji/t) log (»»»*)■ 

The statement will be obtained applying (|3.4p to the functions ip £ := (\(p\ 2 +s) 4 , and then 
letting e — > + . To this aim, we have to estimate the integrals J* K „ |l?*(t)V(/9 e | 2 i^(dx). 
Here and in the following, we suppress the dependency of ip and tp e on x. An easy 
calculation shows that 

(3.5) a»i^ = fCM' + ejJ-^M 2 

(3.6) (2T(t)Vy> e ) 2 = £ (M 2 + £ )f- 2 (B*(t)V|^| 2 ) 2 

(3.7) fl^ e = f (f - l) (M 2 + e)*- 2 *M 2 • d>| 2 + \ (M 2 +ef,-%M 2 - 
It follows from dSTTj) and from the identity L{t)(<pip) = 2ReTp L(t)ip + [^(i^V^I 2 that 

=| (f " l) (M 2 + ^)^ 2 (5* WV|c,| 2 ) 2 + |( M 2 + e)?" 1 ^)^! 2 
=1 f 7 - A (M* + e) 1 ' 2 (B* (*)V[^| 2 ) 2 + gRe (M 2 + £ )t-Vi(t)^ 



|(b| 2 + e )5-i|B(t)*V V | 2 . 
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Since \(p\ 2 \B*(t)V(f\ 2 > \{B*(t)V\y\ 2 ) 2 , we obtain 

L(t)<Ps =f (I - l) (M 2 + ef*- 2 (B*(t)VM 2 ) 2 + f Re (\<p\* + efi~ x lpL{t) V 
+ + £)*- 2 M 2 |i^)*Vvf + |(M 2 + e)5- 2 £|i?(trV^| 2 

>H^(M 2 + ^ 2 (S*(t)V|^| 2 ) 2 + f Re (M 2 + e )*-V£(t)v 
Finally, §SM yields 

> (B*(t)Vp E ) 2 + | Re (|^| 2 + £ )i-VL(t)^. 

Applying the identity (|3.ip to (p e we obtain 



y |£?*V<^ e | 2 ^(dx) < J ip 2 £ d tP (x,t) dx-^-^ J (B*(t)Vip £ ) 2 » t (dx 
-pRe J(\ip\ 2 +e)i- 1 TpL(t)<pv t {dx). 

This implies 

\B*(t)V<p e \\{dx) 

^Re j {if 2 + e)^' 1 TpL{t)L P v t {dx)-^ j (p 2 £ d t p(x,t) dx 



< f 



2(p-l) 

Replacing this estimate in (13.41) and letting e tend to 0, the lemma follows. □ 

Next, we prove a variant of |Gro75l Lemma 1.1]. Again, we have to deal with an 
additional term. 

Lemma 3.2. Let t G R, a G (0, +oo] and I = (i — a,t]. Assume that p G with 
p(s) > 1 for s £ I, u(-,x) G C 1 (-^) /or a// x G R n and u(s, ■) ^ /or s G J. Moreover, 
assume that there are C, k > smc/i £/iai 

max{|«(s,x)|, |<9 s u(s,x)|) < C|x| fc , s G J, x G R. 

T/ten £/ie function a : I — > R defined by a(s) = \\u(s, -)\\]j>{e)mn Us ) ^ s differentiable in I 
and 



a 



'(a) =a(s) 1 p(s) |Re {d s u(s, ■),u p{s) (s, -^(Rn „.) + ^ J \u(s,x)\ p(s) d s p dx 
+ W){J |m(s ' x)|P(S) ^g(.\u(s,x)\)u s (dx) - a(sT^ log(a(a)) 
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Proof. We calculate 

= (^p'(s)log{\u{s,x)\)\u(s,x)\ p( - s ' ) + p(s)-^u(s,x)\u(s,x)\ p ^' 2 u(s,x)^j p(s,x) 

+ \u(8,x)\M-j^p(8,x), 8 €1. 

By assumption, there exists h € such that 

\u(s,x)\ p ^p(s,x),-^- (\u(s,x)\ p ^p(s,x)) I <h(x), s el, x£R n . 



max 



Hence, the assertion follows from Lebesgue's dominated convergence theorem and the 
chain rule. □ 

Now we are able to prove the hypercontractivity of (P s t)s<t- 
Theorem 3.3. Let q € (l,oo), t € R and letp(s,t) be the solution of 

P'(s) = —T^K, * < t; P(t) = q- 
c[p, s) 

Then for s <t, P S}t maps L q (M. n , v t ) into L p( - s ^(R n , v s ) and 

\\PsM\lp(^)(J^,u s ) ^ IMU«(K'Vt)> <P G L q (m. n ,v t ). 

Proof. Fix t eR and let tp € span {e^ h ^ : k £ W 1 }. Set p(s) = p(s,t), u(s, •) = P s jP 
and a(s) = ||-P a> tvlljyW(H»,i/.)- Since 

P stL p k ( x ) = e i{g(t,s)+U{t,s)x,k)-±(Q(t,s)k,k)^ 

for pk{ x ) = e^ k ' x ' , then the functions a and p satisfy the assumptions of Lemma 13.21 
Using Lemma 13.21 we get 

a'(s) = a(s) 1 - p(s) |Re (-L(s)u(s, •), u p(s) (s, •))#«(».»„,) + j \u(s,x)\ p{s) d s p(s,x) dx 



+ 



^(/ |u(*. -)I P(S) Iog(|u(., -JD^Cdar) - ||u(«, 0ll2J)(M-^) l0g(IWs ' -)Hl»W(B-^))) }• 



The choice p'(s) = — e ^]) an d inequality (|3.2[) thus yield — > 0, which implies 

ll p ^lli>( s .*)(K'v s ) = «( s ) ^ "(0 = IMU«(R*Vt)> s < 
Since span {e l ( k > x ) ; k E M. n } is dense in L q (M. n , ut), the proof is complete. □ 
Remark 3.4. The solution p(s, t) of 

p'( s ) = -- , a < t; p(t)=q 
c{p, s) 
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is given by 



p(8,t) = l + (q-l)exp(J IIQ^r.-cx))^*- 1 ^)!!- 2 dr^j , s < t. 

Since WQ 1 / 2 ^, -oo)B*- l {r)\\ 2 < f^ oD \\B*(a)U*(a,r)B*- 1 (r)\\ 2 dcr, then for each to G 
(ujq , 0) we have 



WQHr,-^*- 1 ^ 2 ^ 



C 2 {M(uo)) 2 
2/jZ\u\ 



with C = sup igR ||B(t)||. Hence, 

p(s,t)>l + {q-l)e 2co ^- t \ s<t, 
where Co is the constant defined in (|2.20p . 

3.1. Acknowledgements. We thank Marco Fuhrman for useful conversations about 
hypercontractivity. 
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